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CHAPTER I 
INTRODUCTION 
1.1 Applications for Composite Materials 
Fiber reinforced composite materials have unique properties that can be exploited in high-performance 
mechanical, aerospace, naval and civil applications. Fibrous material offers high strength/stiffness to weight 
ratios, high corrosion resistance and high fatigue strength. Composite materials are ideal for weight-sensitive 
structural applications such as aircraft and spacecraft. During the past 25 years, composite materials have been 
widely used in military, commercial aircraft and helicopter structures. The first production application of 
composites was the F-14 stabilizer made out of boron/epoxy in 1970 and they are still in production. Other 
military fighters like the F-15, F-16 and the AV-8B utilize composites to reduce weight and to maximize 
performance. Today, the AV-8B advanced harrier has composite applications including the wing, fuselage, and 
various fairings that account for 26% of the structure weight shown in figure 1-1 [1]. 
D AV-8B COMPOSITE 
APPLICATION 
Structural 
Weight 
CD Graphite/Epoxy 26 3% 
m Aluminum 47 7^, 
• i Other 26 0% 
5 006 lb of Structure 
1 317 lb of Graphite/Epoxy 
Figure 1-1 AV-8B Composite Application 
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Furthermore, the next generation U.S and European advanced fighters are developed to utilize 40-60% advanced 
composite materials by airframe weight. Composites have been used as secondary structural components in 
large commercial aircraft because the use of composites offers considerable potential for cost effective weight 
reduction. The boeing 757 utilized 33401b of graphite/kevlar epoxy for landing gear doors, rudder, elevator, 
spoilers, ailerons, flaps, wing panels and nacelle components [1]. The proportion of composites used in 
helicopters is very high compared to military and commercial aircraft because excellent dynamic and structural 
performance have been observed from the blades made out of fiber reinforced composites. For example, the 
open die concept of blade molding makes no limitation in airfoil configurations and the weight savings of 
composites directly increase payload capability of helicopters. Figure 1-2 shows the typical application of 
composites in helicopters. 
As composite materials have been used increasingly in aerospace industry, understanding the behavior of such materials 
under harsh static and dynamic loads is of paramount importance and has been the topic of intense research. 
Figure 1-2 Helicopter Composite Application 
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1.2 Literature Survey 
The studies of composite matenals have been challenged since advanced composites have been widely used m 
many engmeenng applications for the past two decades Laminated composite plates and beams are mainly used m 
aerospace structures such as control surfaces, wing panels, and other pnmary and secondary structures because of their 
tailorable response charactenstics as briefly mentioned m the previous section In practice, symmetrically laminated 
composites are mostly used as structural components m industry because of the fact that they are much easier to control 
after curing However, m reality, unsymmetnc laminates may result during fabncation, or the curing process of 
symmetric lammates As a result they may undergo surface damage and delamination and hence the structure is no 
longer considered to be symmetnc This necessitates understanding of the behavior of unsymmetnc lammates 
However, classical laminate theory yields a large error m analyzing unsymmetnc laminates even under small transverse 
loads due to the existence of bendmg-extension coupling Linear classical lammate theory may be applied to symmetric 
laminates undergomg small transverse deflection compared to the lammate thickness, but this is not true for unsymmetnc 
lammates Unsymmetnc laminates will undergo large deformation even for small transverse loads Therefore, adequate 
nonlinear theones should be applied to compute the structural behavior of unsymmetnc lammates 
In 1987, Sun and Chin [2] introduced their closed-form solution for the large deflection theory in cylindncal 
bendmg of asymmetric cross-ply lammates The governing equations were obtamed by usmg the von-Karman 
geometncal nonlmeanty They reduced the governing equations for large deflection theory for cylindncal bending to 
lmear equations with nonlinear boundary conditions However, their studies were limited to cross-ply laminated beams 
Norwood, Shurt and Herakovich [3] presented an analytical study of inter-laminar stresses m unsymmerncal laminated 
plates m 1991 They investigated the out-of-plane deflection of unsymmetnc laminates caused by the membrane-
flexural coupling when laminates were experiencing the in-plane loadmg When unsymmetnc lammates were subjected 
to m-plane loadmg, there was the mismatch in matenal properties about the geometric mid-plane That mismatch 
yielded the out-of-plane lammate deflection The results showed that the large out-of-plane deflection reduced the 
interlaminar shear stresses and also, mcreased the geometnc nonlmeanty of the problem Lee and Liu [4], m 1993, also 
studied the interlaminar shear stresses m asymmetric laminates This study showed that the shear continuity theory was a 
very accurate technique for the analysis of laminates 
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The importance of shear deformation theory has been demonstrated in the determination of the critical 
buckling load of unsymmetric laminates. Romeo and Alonso [5], in 1990, introduced an analytical solution for 
the buckling of anisotropic cylindrical plates including shear deformation effects. The results showed the 
significance of shear deformation effects on critical buckling loads of anisotropic plates. However, they 
focused on symmetric laminates only. In 1991, Chen and Shu [6] studied large deflection analysis of cross-ply 
laminates under cylindrical bending in conjunction with the first-order shear deformation theory. In 1993, He, 
Chou and Zhang [7] refined the shear deformation theory to the twelfth order so that no shear correction factor 
was needed. The numerical results using the twelfth-order shear deformation theory were compared with those 
of the first-order shear deformation theory. In recent years, Ramos and Barbosa [8] used the higher-order shear 
deformation theory to develop a refined finite-element model for the linear buckling analysis of composite 
beams. 
1.3 Scope of This Thesis 
The purpose of this thesis is to study the nonlinear structural analysis of unsymmetric laminates in 
cylindrical bending. The objectives of this thesis are: 
• To develop the governing differential equations using the von-Karman geometrical nonlinearity for a 
composite laminate under cylindrical bending with arbitrary angles of orientation. 
• To obtain the solution for such laminates with different boundary conditions under uniform transverse 
pressure load. 
• To develop the governing differential equations by incorporating the first-order shear deformation 
theory and study its effect on bending. 
The above three categories, to the author's best knowledge, have never been studied as such. All previous 
studies associated with unsymmetric laminates were limited to cross-plies only. In this thesis, there is no 
limitation on the angle of orientation. The results of angle-plies are discussed. Unidirectional prepreg graphite-
epoxy is considered for numerical analysis. 
CHAPTER II 
THEORETICAL APPROACH 
The objective of this chapter is to develop the general solutions for unsymmetric laminates 
undergoing cylindrical bending based on the von-Karman large deflection theory. The governing equations 
are derived for both classical lamination theory (section 2.1) and the first-order shear deformation theory 
(section 2.2). The solutions are obtained for a uniform pressure load. 
2.1 Classical Lamination Theory 
In the classical lamination theory (CLT), the following assumptions are made: 
1) Straight lines perpendicular to the midsurface before deformation remain straight after 
deformation. 
2) The transverse normals do not experience elongation (e^O). 
3) The transverse normals rotate such that they remain perpendicular to the midsurface after 
deformation (exz= 0, syz=0). 
These assumptions constitute the Kirchhoff's hypothesis, which is schematically shown in Fig. 2.1. 
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| «- > 
Before Deformation After Deformation 
Figure 2.1 Geometric Assumption for Classical Lamination Theory 
Thereby, the displacement field for CLT is as followings: 
u(x, y, z,t) = u0 (x, y,t) - z dx 
v[x,y,z,t)=v0(x,y,t)-z—± 
dy 
w(x,y,z,t)=w0(x,y,t) 
(2.1) 
Where, 
u0 = in-plane displacement in x-direction 
v0 = in-plane displacement in y-direction 
w = displacement in z-direction 
The displacement field (2.1) uses the first Kirchhoff assumption which neglects both transverse shear and 
transverse normal effects. This means that the deformation is due entirely to bending and in-plane 
stretching. 
or 
yy f ^ 
r *y) xy ) 
r + z< yy 
lK*y J 
yy 
du, 
dx 
dv„ 
+ if_^  
dy 
du„ 
2\ dx 
Udw„ 
dv 
dy ) 
dw dw 
> + Z< 
dy dx dx dy 
d2w0 
dx2 
d2w0 
dy2 
d2w„ 
-2 
dxdy 
(2.2) 
where, 
£°xx > £°yy > Yxy membrane strains 
K
xxiKyyiKxy flexural strains (curvatures) 
The nonlmear terms in equation (2 2) are associated with the von-Karman large deflection theory 
2.1.1. Governing Equation 
The equations of motion correspondmg to the classical plate theory are 
X-direction resultant forces 
dN dN, 
:?2L-i 
dx dy 
Y-direction resultant forces 
dN„, dNn 
^ + - ^ = 0 
dx dy 
Z-direction resultant bending moments 
(2 3) 
82MX 
dx2 
+ 2-
d2M„, d2M„ 
xy 
+ -dxdy dy 
+ N, 
d2w 
dx2 
+ 2N 
xy 
d2w
 ltT d2w „ , d2w 
dxdy y dy2 dt2 
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Where Nx, Ny are membrane forces per umt length, Mx, My, Mxy are bending and twisting moments per 
unit length, P is the transverse loading, p is the mass density, and h is plate thickness In the above 
equations the in-plane inertia terms are neglected 
In the case of cylindncal bendmg, it is assumed that the laminate is infinitely long m one of the 
directions, for mstance in the y-direction and fimte m the x-direction The laminate is assumed to be thm m 
the z-direction The lammate, therefore, can be treated as one-dimensional and thus, the govemmg 
equations are independent of the y coordmate 
f d2w In this thesis, smce we are only concerned with the static loads, the inertia term pn —— is 
dt 
eliminated, and hence the govemmg equations are reduced to 
dNx r, 
— ^ = 0 (2 4) 
ax 
— ^ = 0 (25) 
ax 
d2Mx XT d2w n A 
jJL + Nx - + P = 0 (2 6) 
dx dx 
Additionally, the laminate constitutive equations are shown , 
|*1 
\M\ 
A B 
B D 
\s° 
where 
N = resultant force matrix (force per umt length) 
M = resultant moment matnx (moment per umt length) 
A = extensional stiffness matrix 
B = couplmg stiffness matrix 
D = bendmg stiffness matrix 
6°= mid-plane strain matrix 
K = curvature matnx 
(2 7) 
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The strain-displacements and the curvature-displacements relations are given as: 
w= 
Jxy 
du S. + 1.(^L 
dx 2 \ dx, 
dvn \(dw^ 
• + -dy 2\dy 
dun dv0 1 dw dw 
w-
f > 
Kr 
Ky 
K
*y. 
> = < 
dy dx 2 dx dy 
d2w 
' dx2 
d2w 
'dy2 
d2w 
(2.8) 
- 2 
dxdy 
Also, strain-displacement and curvature-displacement relationships for cylindrical bending simplify to: 
M-
L ^ l 
<fw ^
+lff^ : 
dx 2\ dx 
0 
rfv. 
etc 
(2.9) 
w= 
Kx 
Ky 
J^xy 
» = . 
d2w 
dx2 
0 
0 
Based on the displacement for the cylindrical bending problem, constitutive equation (2.7) can be expressed 
as: 
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Nr 
Ny 
N 
*y 
My 
x\2 
^16 
'12 
'16 
l22 
l 26 
*16 
*26 
5,, 5,-. 5, 
5, 12 
A« Bu a66 
12 
B22 
B26 
26 
66 
£„ A„ A. A , A , A 
'12 '16 12 
Z?IO 5 22 B 26 A , A , D 22 ' 2 6 
#< A , A , A , A . A 
'26 ' 6 6 16 ' 2 6 66. 
du„ 
• + li— 
dx 2\dx 
0 
dvn 
dx 
d2w 
dx2 
0 
0 
(2.10) 
The stress resultants and moment resultants are found: 
N=A 
dun \(dw\ 
• + -
Nxy - ^16 
dx 2\dx) 
1
 du0 ifdw 
dx 2\dx) 
+ / l16 , ^11 
dx 
Mv = A. 
dun 1 fdw^ 
V^  rfx2 y 
x66 rfx '16 dx1 
dx 2 dx 
^ dvn _ 
+ 5 ] 6 - ^ - A 
1
 d w 
dX2 , 
(2.11) 
(2.12) 
(2.13) 
du0 lfdw\ 
By substituting the term 1— | between equations (2.11) and (2.13), we can obtain a 
dx 2\dx 
relationship between Mx and Nx as : 
- - 3 M * -B, U
2w^ 
Kdx2 j 
•NA + BU 
dv 
dx 
- - A fd
2w\ 
dx j 
Rearranging this equation, 
M = 
(B2 
KAU 
^ - A V w ( 
dx2 Bu-
B„A 11^16 
all ) 
dv ^
 + Nr^-dx "A 
(2.14) 
From equation (2.4), we conclude that 
Nx = N0 = constant 
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Differentiating equation (2.14) twice with respect to x yields, 
d2M (B2 
dx2 KAn 
X±
—Dt 
Vw ( 
dx4 + 
B»-*& 
\ j 3 
'16 
d \ 
7n J dx' 
(2.15) 
Now, substituting equations (2.15) and (2.6) gives : 
fR 2 
KAU 
^ ,4 
d w 
*s+\B« 
A,<B \ ^ 16^11 
4. 
d \ 
dx1 
7- + N, 
d2w 
dx2 
+ P = 0 (2.16) 
d \ 
dx3 
Where ° can be obtained in terms of w from the following coupled equation : 
dN 
dx 
dN 
^ = 0 
V 
dx 
= 0 
dx 
= A, 
(d2un dwd2w\ . d2v. 
dx2 dx dx2 + A 16 dx2 
B ^ - 0 
dN 
xy 
dx = 4 
frfV dwd2w\ . d2v. 
16 dx2 
+ • 
dx dx2 
+ A 66 dx2 -B 16 
d3w 
dx3 
= 0 
(2.17) 
(2.18) 
Rearranging equations (2.17) and (2.18) yields : 
d \ 
dx2 + A 16 dx2 
d3w dw d2w 
dx3 dx dx2 
(2.19) 
d2u0 
dx2 
+ A 
d2v. 
66 dx2 f = 5, 16 
d3w 
dx3 
dw d2w 
dx dx2 
(2.20) 
d M„ d2vn Solving these two equations for T2- and f- simultaneously gives : 
dx dx 
d2u0 
dx2 
d \ 
dx2 
B\6-Ai6 BnA66 
A 2 — A A 
\ ^6 -^66-^11 J 
\ j i d w dw d w 
dx dx dx 
B\(,AU BnAl6 
V. ^11-^66 ~ AX6 j 
\ J 3 d'w 
dx3 
(2.21) 
(2.22) 
Now, substituting eq. (2.22) into eq. (2.16) gives, 
I R 2 
A + 
^ 1 6 ^ 1 1 ^ 1 1 ^ 1 6 
^ 1 1 ^ 6 6 ""^16 J 
Y 
7> . 16 11 
- /
» i 6 + — : — 
Al
 d'w
 XT d2w _ A 
+ N„ —— + P = 0 (2.23) 
V an / dx' dx
2 
Assuming, 
fi = 
f R 2 ^ ( R A - R A V 
^ 1 6 ^ 1 1 ^ 1 1 ^ 1 6 
V ^11^66 ~ Ae J 
- S . . + 4 ^ 
'16 
XH / 
Equation (2.23) becomes 
d w d w 
~P^ + Nn^ + P = 0 dx4 dx2 
d4w N0 d2w = P 
dx4 p dx2 ~ p 
Then, the governing equation for cylindrical bending of the laminate under a uniformly distributed 
transverse load is: 
d4w 
dx4 — M 
d2w 
dx2 = q0 
(2 
where 
2 If, P (N
 0 in lb/in, P in lb/in2) 
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2.1.2 General Solution 
In the previous section, we formulated the govemmg equation for the classical lamination theory 
in cylmdncal bending The general solutions for lateral displacement in w(x) will be developed m this 
section when the laminates are undergoing a uniform transverse pressure load 
The lammate under a uniformly distributed pressure load is shown in figure 2 2 
P (lb/in2) 
Figure 2.2 Formulation of the Problem with a Uniform Transverse Pressure Load, P 
The laminated plate is infinitely long m the y-direction and it is subjected to a uniform transverse 
pressure load P (lb/in2), as shown The beam is of length 2a m the x-direction and unsymmetncally 
laminated with an arbitrary angle of onentation The govemmg equilibnum equation for classical 
lamination theory has been obtamed m the previous section and is repeated below 
d4w
 2 d2w 
dx T~V dx2 = 1o 
(2 24) 
The general solution for this equation (2 24) is 
w(x) = wh(x) + wp(x) 
where wh is the homogeous solution and wp is the particular solution 
(2 25) 
The solution for the homogeneous part is 
wh (x) = b] +b2x + b3 cosh(jux) + b4 sinh(jux) 
and for the particular solution we will have 
wp(x) = a0+alx--^Tx2 
Thus, the general solution for eq. (2.24) will be, 
q
 7 
w(x) = C, + C2x + C3 cosh(/zx) + C4 sinh(/zx:) - -^x 2/u 
Where C b C2, C3 and C4 depend not only on the boundary conditions but on N0 as well. 
(2 
(2 
(2 
Case i) Simply Supported Laminates 
Figure 2.3 Simply Supported Laminates with a Uniform Pressure Load, P 
For a simply supported laminate, the boundary conditions are; 
@x = ±a w(x) = 0 M(x) = 0 u(x) = 0 dv 
dx 
^ = 0 
where, 
M = 
v 4 i 
- A d
2w 
dx2 
• + * „ - ^ 
'16 
XU J 
ZL + NA 
dx A,, 
(2 
15 
dv0 n 
Since = 0 at x = ±a, we simplify the equation (2.14) as following: 
dx 
M = 
1
' R 2 
\ A\ 
V w
+ * > dx' ' A„ 
Substitute equation (2.28) into (2.29) to generalize the moment equation. 
(2.29) 
( 
M = C3ju2 cosh(/zx) + C4ju2 sinh(/ar) °-
(B2 
^ - - A + No-±(2.30) A„ 
Imposing the boundary conditions to eq. (2.28) and (2.30) gives, 
w(+a) = C, + C2a + C3 cosh(/#z) + C4 sinh(//o) — ^ a = 0 
2// 
(2.31) 
w(-a) = CX-C2a + C3 cosh(//a) - C4 sinh(//a) — ^ y a2 = 0 
M(+a) = 
M(-a) = 
(
 2^u,^^..2^u,..-, «oMB>2 C2JU cosh(jua) + C4ju sinh(//a) 
V J V 4 i 
-D, 
2^ 
+ N?1L
 = 0 
C3ju2 cosh({ja) -C4/u2 sirih(jua) -M2(AU 
- A 
4. 
+ iV„^li- = 0 
4. 
Solving these equations for Q, C2, C3 andC4 gives: 
c, =--^-+ tf.*.. 
Q = 
//4
 M
2(Bl-DuAu) 1» 
1 
+*4-, c2=o 
( N
°
B
» i ^ ' 
2 n ^ . .2 
V ^ - A l ^ l ^ J COS! h(jua)ju 
-, C4=0 
(2.32) 
(2.33) 
(2.34) 
Therefore, the general equation for simply supported laminates is; 
w(x) = Q+C3 COSh(/Jx) ~-^x2 
with C] & C3 defined as above. 
2M2 
(2.35) 
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Also, imposing the third boundary condition of simply supported laminates gives the value of the in-plane 
stress resultants. Recall equations (2.11) and (2.12) from the previous section. 
N=A, 
( du0 | Ifdw 
dx 2\dx 
2 \ 
10 7 II 
dx 
'd2w^ 
ydx2 j 
(2.11) 
K = A, 
du0 | lfdwY' 
dx 2ydx) + A66^--Bl6 dx 
(^ dlw 
dx2 , 
(2.12) 
Rearranging these equations: 
dx dx dx 2 I dx 
(2.36) 
dx dx dx 2 I dx 
(2.37) 
du dv 
Solving for —:— and —:— we obtain : dx dx 
dx Au Au \ dx) Au 
'</V 
dx2 
Udw 
2\dx 
(2.38) 
dv„ N. Au(dua N Bu(d2w\ A 
ax j\.+ s /L-, f- v ax +• 
*16 dx
2 
dw\ 
2A,6ydx) 
(2.39) 
du0 _Nxy A66(dv\Bl6(d2w^ 
ax **-\f\ i6 V A^ [ dx2 ) x16 
dw 
dx 
(2.40) 
dv
o
 N
*y Ae (duo 
dx A66 A66{dx ) 
Equating equations (2.38) and (2.40), 
+ -
B^ (d2w\ A* (dw 
'16 
x66 dx
2
 ) 
16 
2A 66 dx 
(2.41) 
(' A** AAdvn ( x66 ' x 16 
V^16 A\ J dx 
B^ B, \ j l 
'16 
V^ 16 A\ J 1^6 A\ dx2 
(2.42) 
Integrating both sides of equation (2.42) with respect to x . 
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Ae ft ^ 6 6 ^16 
*>\ A.. A At A\ j 
\dv0 = 
B\6 Bu 
,^16 A\ J 
d2w Nxv N 
dx2 
x
-\dx 
A<> A\ 
(2 43) 
Under the assumption of no mid-plane displacement changing in y-direction (V(x=±a\ = v(x=o))> e q u a t l 0 n 
(2 43) becomes 
»-ret B,,, B, At, A\ 
d2w N„ N 
x
-\dx 
dx AX6 Au 
(2 44) 
From which, 
AeK-A^ =-{AA6-Ax6Bu)[^dx 
a * dx 
(2 45) 
dv„ 
By ehmmatmg —— between equation (2 11) and (2 12), another equation m terms of Nx &Nxy can be dx 
found as followings 
N ^ - N ^ ^ i A ^ - A ' dun I f dw 
• + -
2\ 
in A n A \d w 
+ (B,6Al6-BuA66)—-(2 46) 
dx dx 2\dx 
Multiplying both sides of eq (2 46) by dx and integrate both sides from 0 to a, 
A66Nr -AeK = ^ U . A 6 -A2^)[[^ dx + fa6A]6 -BuAj[^dx (2 47) 
Now, by eliminating Nbetween equations (2 45) and (2 47) Nx can be determmed as 
N = B f d
2w , Au 
— - d x + —-
dx 2a K dw dx dx (2 48) 
Substituting the deflection function w(x) mto equation (2 48), 
aN„ B, 
+ ^ C 3 / / s i n h ( / / a ) - ^ % ^ 
xi i -fai i Au n 6 / / 
+ 
3
 " {a/j. cosh(//a) - sinh(iua)) = 0 
(2 49) 
M 
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Case ii) Clamped-Clamped Laminates 
V v 
P(lb/in2 
-a 
tz 
Figure 2.4 Clamped-Clamped Laminates with a Uniform Pressure Load, P 
For clamped-clamped laminates, the boundary conditions are; 
dw(x) 
@x = ±a w(x) = 0 
dx 
= 0 u(x) = 0 
Imposing these boundary conditions gives constant values; 
c = g 0 a 2 q0acosh(jLia) = 
2//2 /J3 sinh(//fl) 
The general solution for clamped-clamped laminates is; 
<loa 
ju3 sinh(jua) 
w(x) = Cj + C3 cosh(/zx) 
C 4 = 0 
(2.50) 
Since the formation of the general solution and no in-plane displacement u(x) at x = ±a are the same as 
the simply-supported case, the in-plane stress resultants, can be determined using same equation as simply 
supported laminates. 
2 ^ 3 
^
 + 4J-C3//sinh(^)-^-%a-ic3V(sinh(2^)-2^)-^4 Au Au Au ju 8 6ju 
+ —^ f2- (aju cosh(//a) - sinh(jua)) = 0 
(2.49) 
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Case iii) Clamped-Simply Supported Laminates 
[ | P(lb/in2) I | 
Figure 2.5 Clamped-Simply Supported Laminates with a Uniform Pressure Load, P 
In this case the boundary conditions are; 
@x = -a w(x) = 0 ^ Q = 0 u(x) = 0 
dx 
@x = a w(x) = 0 M(x) = 0 u(x) = 0 
Imposing the boundary conditions on the general solution gives a lengthy expression for all the constants. 
These constants, however, are all solved numerically. Repeat the same procedures as for simply supported 
laminates to find the relationship between N0 and the transverse load (P) shown in equation (2.51). 
N0 Bu (C3 sinh(jua)/u3 + C4 cosh(jua)ju3 - q0a - C4//3) C\ C3C2 cosh(oja) 
Au Aua{i2 2 a 
C4C2sinh(/M2) C2q0a C2jucosh(jua)sinh(jua) C2ju2 C3juC4cosh(jua)2 
a 2tf Aa 2a 
Ciq0cosh.{/ja) C3q0sinh(jua) C4jucosh(jua)sinh(/ja) C4/J C4q0 sinh(/£z) 
ju2 an3 4a 4 //2 
- 2 „ 2 
| C4q0cosh(/ja) [ q0a C3C2 C^C4 C4qo _ 
a/j3 6ju4 a 2a a/j3 
(2.51) 
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2.2 The First-Order Shear Deformation Theory 
Smce the matrix matenal is bonding between laminae, the shearing effect on the entire 
laminate is summation of the each laminar zone of matrix matenal The mterlaminar shear effect 
yields the transverse shear deformation of laminates in cylindrical bendmg problem This transverse 
shear effect can not be ignored as the number of laminates is mcreasing The most widely used 
displacement based on the shear deformation theory is the first-order shear deformation theory 
(FSDT) Accordmg to this theory the assumption, "straight lmes imtially normal to the midsurface 
remain straight after deformation" is no longer valid as shown m figure 2 6 Thus, unlike the 
classical theory the transverse shear strains will nor be neglected 
-> 
tx 
Before Deformation After Deformation 
Figure 2.6 Geometric Assumption for the First-Order Shear Deformation Theory 
Thereby, the displacement field for the FOSDT is as followings 
tt(x,y,z,t) = u0(x,y,t)+ z<f>x(x,y,t) 
v(x, y,z,t) = v0 (x, y,t)+ z<j>y (x, y, t) 
w(x,y,z,t)=w0(x,y,t) 
(2.52) 
Where, 
UQ = m-plane displacement in x-direction 
v0 = in-plane displacement in y-direction 
w = displacement in z-direction 
, du dv 
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<|)x = the rotation of a transverse normal about y-axis 
<(>y = the rotation of a transverse normal about x-axis 
The displacement field (2.52) associates the nonlinear strains for the FOSDT in equation (2.53). 
where, 
£xx 
£yy 
Yy* 
Yxz 
V*y\ 
> = < 
*» 
*'„ 
K 
Yx\ 
k 
> + z< 
<- -
Kxx 
Kyy 
Ky* 
KX2 
K
*y. 
yy 
xy) 
du 
dx 2\ dx 
dv„ \(dwj\ 
dy 
dw„ 
K fy 
dy 
dw, 
°- + <i>x dx 
dun dvn dwn dwn 
dy dx dx dy 
> + z< 
Wx 
dx 
o 
0 
dy dx 
£ : membrane strains 
K : flexural strains {curvatures) 
(2.53) 
The transverse shear strains (y^, yyz) are assumed to be constants in the first-order shear deformation theory. 
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2.2.1. Governing Equation 
, d2w 
In this thesis, smce we are only concerned with static loads, the inertia term ph —— is eliminated, 
dt 
then the governing equations correspondmg to the first-order shear deformation theory are 
dN dN 
X-direction resultant forces H = 0 
dx dy 
dN dN 
Y-direction resultant forces — H — = 0 
Transverse resultant shear forces XL'X H — + N' — + P = 0 
dx dy 
!Qy M d' 
dx dy dx 
dQx , dQ, _ Ar d2w 
Y-direction resultant moments 
X-direction resultant moments 
dMx dM 
dx dy 
Mxy , dMy 
-Qx=o 
-Qy=o dx dy 
Where Nx, Ny are membrane stress resultants, Mx, My, Mxy are bendmg and twistmg moment resultants, P is 
the transverse loadmg, Qx, Qy are transverse shear force resultants which are 
ENfc h * l"Z 
In the above equation, k is shear correction factor Smce the transverse shear strains are assumed to be 
constants through the laminate thickness in the FOSDT, the transverse shear stresses (a^ ay2) will also be 
constants In composite lammates, the transverse shear stresses vary at least quadratically through layer 
thickness This discrepancy between the actual stress state and the constant stress state predicted by the 
FOSDT is often corrected m computing the transverse shear factor resultants (Qx, Qy) by multiplymg the 
mtegrals with a parameter k The value of k is 5/6 in the FOSDT 
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In the case of cylindrical bending, it is assumed that the laminate is infinitely long in one of the 
directions, for instance in the y-direction and finite in the x-direction. The laminate is assumed to be thin in 
the z-direction. The laminate, therefore, can be treated as one-dimensional and thus, the governing equations 
are independent of the y coordinate. 
dN, 
dx 
dN 
-^ = 0 
xy 
dx 
dQx 
= 0 
dx 
dx 
dM^ 
dx 
x
 dx2 
-Qx=o 
= 0 
Additionally, the constitutive equation for laminates is; 
\N] 
\M\ 
A B 
B D \K 
where 
N = resultant force matrix (force per unit length) 
M = resultant moment matrix (moment per unit length) 
A = extensional stiffness matrix 
B = coupling stiffness matrix 
D = bending stiffness matrix 
8° = mid-plane strain matrix 
K = curvature matrix 
(2.54) 
(2.55) 
(2.56) 
(2.57) 
(2.58) 
(2.59) 
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The strain-displacements and the curvature-displacements relations given in equation (2.53) can be simplified 
for the cylindrical bending problem as following: 
XX 
*°yy 
r% 
Y° 
I xz 
Vxy\ 
> = < 
du^Udw^} 
dx 2\dx 
0 
0 
dw. 
f > 
Kxx 
Kyy 
Ky* 
XZ 
K
*y. 
> = < 
dx 
dv^ 
dx 
d</,x 
+( 
dx 
0 
0 
0 
0 
(2.60) 
Constitutive equation (2.59) including the transverse shear forces can be expressed as: 
Nr 
Ny 
N ^ y 
Mr 
My 
Mr 
A 
x16 
'16 
l12 
l22 
A 26 
x16 
*26 
x66 
B„ B,0 B 
B 12 
12 
B 22 
'16 26 
'12 '16 
B„ B 22 B 26 A , D '21 22 
'26 '66 16 '26 
= k *44 
A 45 
*45 
55, 
'16 
B. 26 
By. B^ Bt 
5n A , A< A , A , Z> 16 
D 26 
A . #,< £« A , A , A 
'66 
0 
dx 
du0 | 1 / W 
cfor 2 ^  cfcc 
0 
cfoc 
etc 
0 
0 
(2.61) 
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By expanding the above equation, stress resultants and moment resultants are found: 
NX=AU 
' dun \(dw^ 
dx 2\dx 
A dv0 n (d(/> ^ 
*16 dx 
( 
N
xy = K 
M=B, 
M^ = BX6 
du0 1( dw 
dx 2\dx 
\2>1 
+ A^-^ + B 
ydx j 
du o_+L{^ 
dx 2\dx 
J 
2\ 
66 j ' ^16 , 
dx V dx 
* dvn ^ (dd>Y 
+ A « — 2 - + A-
fdu0 \(dw^ 
— - + — 
dx 2 ydxj 
dx {dx 
dx \dx 
Qx=kA 55 
dw 
dx + <l>x 
(2.62) 
(2.63) 
(2.64) 
(2.65) 
(2.66) 
where A55 = yh C55dz A55: transverse shear stiffness 
2 
C55:anisotropic stiffness in x-z direction 
du0 \(dw^. 
By eliminating the term 1— | between equations (2.62) and (2.64), we can obtain a relationship 
dx 2\dx 
between Mx and Nx as : 
"•-3HM£H U2w^ Kdx2 j • + B 16 dx + Z>„ (d^ dx ) 
Rearranging this equation, 
Bt , dv dd> 
4 i dx dx 
where a. =\ Btl " ,6 M -"16 (2.67) 
a2 = D ~^-11
 A , 
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Substituting equation (2.66) into (2.56) becomes; 
/ A d2w , , dd>x xr d2w n „ kA^—^ + kA^-^ + N^—- + P = 0 A55 dx2 *55 dx Y
 dx2 
d2w (kA55+Nx)—- + L45 5-^^ + P = 0 
dx dx 
dx3 
o 
Where
 3 can be obtained in terms of w from the following coupled equations : 
dx 
dN, 
= 0 
0 
dx 
= A, 
(d2u„ dwd2w\ . d2v 
1 + " 2 
y dx dx dx j 
+ A„ 
dx2 ^
 + B, 
dN 
xy 
= A 
fd2u dwd2w\ 
16 dx dx 
Rearranging equations (2.69) and (2.70) yields : 
^ dx2 dx dx2 j + A„ 
d \ 
dx2 
+ B, 
d^x 
dx2 
= 0 
dx2 
A%^. + A ^ = -B„^-A ^ ^ dx2 *16 dx2 11 dx2 
d2u0 d2v0 d2<f)x 
A,
 A - h Af-g- — = — JJ , A - A, x16 dx2 dx1 '16 dx1 16 
dx dx2 
dw d2w 
dx dx2 
d2u0 d \ 
Solving these two equations for — and — simultaneously gives 
dx dx 
d \ 
dx2 
d2v„ 
( 
V "^16 " ^ 6 6 ^ * 1 1 J 
\ j l d </>x dw d w 
dx dx dx 
= a. 
d2<f>x 
dx2 3 dx2 
where CC3 = 
41^66 ~^16 
From equation (2.54), we conclude that 
NY = N0 = constant 
Differentiating eq. (2.67) twice with respect to x yields, 
dMx 
dx 
d2v„ 
= a + a* 
d2tx 
1
 dx2 '"2 dx2 
(2.68) 
(2.69) 
= 0 (2.70) 
(2.71) 
(2.72) 
(2.73) 
(2.74) 
(2.75) 
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Substituting equation (2 75) and (2 66) into equation (2 57) gives, 
dx dx 
dw, 
-x + 
* dx 
(2 76) 
Substitutmg eq (2 73) mto eq (2 76) yields, 
axa3 dx2 +(*2 dx2 - * M ' * + <fc, 
(2 77) 
d(/> 
Substituting equation (2 68) mto equation (2 77) gives the resultmg equation —— m terms of w(x) 
dx 
From equation (2 68), 
kA« Q- = -(kA55 +NX)^-P *55 dx dx2 
d^ 
dx 
d2<f>x 
dx2 
1 + -JL 
kA, 
\ j * d2w P 
\ "^55 J dx kA, 55 
1 + N, 
\ ^ 
kA 
d3w 
55 J dx3 
(2 78) 
Substitutmg equation (2 78) into eq (2 77), 
-a,a3 1 + 
N \ d 3 w (, N ^ d 3 
kA55 J dx 
3 " « 2 1+-kA, 
w 
55 y 
. 3 =kA5stx+kASS^r 
dx dx 
Then, solving this equation for (j>x gives, 
^ = - ( a , a 3 + a 2 ) 1 AT, • + • 
\ 
kAs$ (kA55)2 
d3w dw 
dx dx 
(2 79) 
Assuming, 
J3 = a ] a 3 + a 2 = 41-^16 ^16^11 
V 1^6^ *11 4 l ^ l 6 
V ^11^66 ~ ^ 1 6 
A U D U - B X 
2 \ 
R -(AA6-A]6BJ +{AUA6-A?6\AUDU -J?,2,) 
P
~ A (A A -A2) 
/inyinyi66 ^16/ 
Then, equation (2 79) becomes, 
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*,~-fi 
1 Nr d
3w dw 
kA55 {kAjj 
Taking the derivative of both sides of this equation gives, 
dx = -fi 
1 Nr 
dx dx 
d4w d2w 
kA55 (Mj dx dx 
(2.80) 
Substituting eq. (2.80) into eq. (2.68) yields the governing equation for the first-order shear deformation 
theory. 
d4w
 2 d2w kArr 
-q0 
where, 
dx4 
n2 
1 
<Jo = 
'1 
K 
fi 
P 
" P 
dx2 kA55 
kA55 
kAS5+N0 
+ K 
(2.81) 
k = shear correction factor = — 
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2.2.2 General Solution 
We have formulated the governing equation for the first-order shear deformation theory in 
cylindrical bending in section 2.2.1. The general solution for lateral displacement in w(x) is developed for 
a uniform transverse pressure load. 
The same notation is used for this problem as shown in figure 2.2. The governing equilibrium for 
the first-order shear deformation theory has been obtained in the previous section. 
kA, d4w
 2 d2w 
dxA -7] 
A55 
dx kA55 + Nc 
<lo 
The general solution for this equation is : 
Hx) = wh(x) + wp(x) 
The solution for homogeneous part is : 
wh (x) = bl+b2x + b3 cosh(^x) + b4 sinh(Tjx) 
and the particular solution is, 
wp(x) = a0+alx- qj_ 2Af 
Thus, the general solution for the eq. (2.81) will be : 
w(x) = C]+C2x + C3 cosh(^x) + C4 sinh(77x) x 
Where Q , C2, C3 and C4 depend not only on the boundary conditions but on N0 as well. 
Case i ) Simply Supported Laminates 
(2.81) 
(2.82) 
(2.83) 
(2.84) 
(2.85) 
• X 
Figure 2.3 Simply Supported Laminates with a Uniform Pressure Load, P 
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The boundary conditions are; 
@x = ±a w(x) = 0 M(x) = 0 u(x) = 0 
where 
dv 
dx 
^ = 0 
AS *r BU dVo d(l> 
A,, dx dx 
(2.67) 
dv0 
Since = 0 at X = ±a , this equation is same as : 
dx 
M.= N0^ + a2^-Au dx 
(2.86) 
d<l>x Substituting equation (2.80) into equation (2.86) to eliminate the term of yields : 
dx 
x, Ar Bn J X0 1 d4W d2w\ 
M
 x=N0-LL + aA f r-
x
 ° An 21 T}2 kA55 dx4 dx2 
(2.87) 
where, 7] 
fi {kA55+N„) 
JV„ kA, 55 
d4w 
By eliminating the term of —between eq. (2.87) and eq. (2.81) we can rearrange the above equation as 
dx 
following : 
Mx=N0^-a2^--a2 
kA 55 
1+—^ 
V "^55 J 
d2w 
dx2 
(2.88) 
Imposing the boundary conditions to equations (2.85) and (2.88) gives, 
w(+a) = C,+C2a + C3 cosh(^a) + C4 sivi\(rja) a2 = 0 (2.89) 
2N„ 
w(-a) = Ci-C2a + C3 cosh(rja) - C4 sinh^a) a2 = 0 (2.90) 
M(+a) = N0—u--a2- a2 
( 
kA 55 
C3rj2 cosh(t]a) + Cjj2 sinh^a) -
N 
= 0 
o J 
(2.91) 
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A 
Au kA55 
M{-a) = Nn —— - a2 a2 C3rj2 cosh(r/a) - C4rj2 sinh(77^) 
N. 
= 0 (2 92) 
o J 
Solving these equations for C}, C2 , C3 and C4 gives 
Cl=-M--& + g-, c2=0 
4i«2 ^o 2AT. 
Q = *..£ • + • ^ -, c4=o 
a 2 4 i C o s h ( 7 a ) cosh(/7a)iV2 
The general equation for simply supported laminates under a uniform transverse pressure load is, 
p 
w(x) = C, + C3 cosh(/7x) x2 (2 93) 
where C, & C3 defined as above 
Also, imposing the third boundary condition of simple-simple supported lammates gives the unknown in-
plane value, N0, when the transverse load is applied to the laminates 
( 
N =A 
( 
Kxy = 4« 
c 2\dx J 
'x 2\dx) 
. dvn _ fdSr 
dx \dx 
+ A ^ + B ( ^ x66 j ' ^ 1 6 , 
dx \dx 
Rearrangmg these equations 
t du 
i + 4 ^ = v - A **' A»(dW dx dx x dx 2 [dx 
(2 62) 
(2 63) 
(2 94) 
A ^ J U ^ ^ - B ^ * ' ^ ^ x16 , ' ' * 6 6 , 
dx dx ** dx 2 [dx 
(2 95) 
du0 dv0 
Solving for and we obtam 
dx dx 
dun Af A 
dX A\ j A] j 
A " ! 5 i i ^ , Udw 
dx Au dx 2 dx 
(2 96) 
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dvo Nx Au \du0 Bn (d<f>x 
dx A]6 Al6 \ dx A16 dx j 
dw 
2AX6 v dx 
(2.97) 
dun N 
dx Al6 Al6 \ dx 
dv0} <v Ae( dvo_\_^d^Udw 
Al6 dx 2\dx j 
(2.98) 
dv0 _ N^ Al6 (du0 \ Bl6 (d<j>x \ A]6 (dw" 
dx A66 A66 { dx A66{dx 2A66\dx, 
Equating equations (2.96) and (2.98), 
/ 
^ 6 6 ^16 dv„ BU B\6 
dx \A\ AeJ 
d^^K N„ 
dx A v^i6 A\ j 
Integrating both sides of equation (2.100) with respect to x yields, 
16 ' x l l 
(2.99) 
(2.100) 
^ 6 6 ^16 
x16 A, 
d<l>x +K N„ 
dx A, 
\dx 
16 
(2.101) 
However, there are no mid-plane displacement changes in y-direction, Vi±a\ = V/x=0\. Equation (2.101) 
becomes: 
«=l\{B-r-B-r) A\ AX6 j d<t>x , *v Nx dx Al6 Au \dx (2.102) 
From which, 
4 ^ , - 4 , ^ = ^ <4«*n -4.5.«)f ^ * (2.103) 
dvo By eliminating between equation (2.62) and (2.63), another equation in terms of Nx &Nxy can be 
dx 
found as followings : 
KA« -N^Al6={AnA^-A^ + (AuA^-A^^j + ( 2 ^ ~^K^~ 
(2.104) 
Multiplying both sides of equation (2.104) by dx and integrate both sides from 0 to a, 
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N,A66-NxyA}6 =Ya(AuA66 -A^)[[^dx+X-{BUA66 -B,^)[^dx 
(2.105) 
Now, by eliminating N^ between equations (2.103) and (2.105) Nr can be determined as : 
2a h\dx) " * * a * dx 
Substituting equations (2.80) and (2.93) into equation (2.106) gives the relationship between N0 and P. 
(2.106) 
2 2 PC3 cosh(/7a) PC3 cosh(7a) P a N n n2 
—2- — ' - Cl sinh(27a) + ±- C2 + 
Au Sa 4 Nn rjaN0 6N2 
BuT)C3sinh(Tja)N0 Bn TjC3sinh(rja) Bu P + • 
AnakA55 
Case ii) Clamped-Clamped Laminates 
A„ N. = 0 
• X 
Figure 2.4 Clamped-Clamped Laminates with a Uniform Pressure Load, P 
The boundary conditions are given by: 
@x = ±a w(x) = 0 
Constants are found to be : 
dw(x) 
dx 
= 0 u(x) = 0 
(2.107) 
c = 
Pa2 Pacosh(7]a) 
, C2=0, C3 = Pa 
2NQ 7]NQsir\h(r/a) 7]N0sinh(r/a) 
The general equation for clamped-clamped laminates under cylindrical bending is: 
w(x) = Cl+C3 cosh(rjx) 
C4=0 
2N 
(2.108) 
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Since the formation of the general solution and no changes in the in-plane load displacement u(x) at 
X = +a are the same as the simply-supported laminates, in-plane stress resultant N0 can be determined 
using equation (2.107). However, the value of constant C3 differs from the one for simply supported 
laminates. 
" - i c ' s ^ i / c ; * ^ 1 0 * ' rcscosh(^) PV 
Ax %a 4 J N0 rjaNQ 6N( 
| Bn7]C3sinh(rja)N0 | Bu 7]C3sinh(?ja) Bu P ^ Q 
AnakA55 An a Au NQ 
(2.107) 
Case iii) Clamped-Simply Supported Laminates 
Z 
Figure 2.5 Clamped-Simply Supported Laminates with a Uniform Pressure Load, P 
In this case, boundary conditions are ; 
@x = -a w(x) = 0 ^ W = 0 u(x) = 0 
dx 
@x = a w(x) = 0 M(x) = 0 u(x) = 0 
Imposing the boundary conditions on the general solution gives a lengthy expression for all constants. 
These constants, however, are all determined numerically. Repeat same procedures as simply supported 
laminates to find the relationship between N0 and the transverse load P shown in equation (2.109). 
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kA, 2 A! 55 klA kA, l55 , w l 5 5 
+ C3 sinh(^a)77 + C4 cosh(^a)77 — — - - ° - C4TJ 
2 A2 
55 klA 
N„ kA, k2A 55 "" " 5 5 
cla nn u, ^ nr^ • u, x C 2 ^ 2 C3Vinh(2/7a) C3272a C3^C4 cosh(7/a)2 
—2 C3C2 cosh(7a) - C4C2 smh(rja) + — — —— + - — ^ ^ ^ ^ 
2JV„ 8 
CjPacosh(^a) C3Psinh(^a) C^sinh^z/a) C41/A C4Pa sinh(//a) C4Pcoshijja) 
N. 1N0 N. r]N0 
6N2 2 r]N0 
(2.109) 
CHAPTER III 
NUMERICAL RESULTS AND DISCUSSION 
Large deflection analysis of unsymmetric composite laminates with arbitrary angles of orientation 
and various end conditions is studied using the classical lamination theory (CLT) and the first-order shear 
deformation theory (FOSDT). A prepreg graphite-epoxy composite laminate is considered for numerical 
analysis. The material properties are given in table 3.1. 
Table 3.1 Material Properties 
Unidirectional graphite / epoxy with Vf=60% 
Ei = 20 msi 
G12 = 0.7 msi 
v12 = 0.3 
E2 = 1.4 msi 
Go = 0.7 msi G23: 
Thickness = 0.005 in. 
= 0.7 msi 
3.1 Classical Lamination Theory (CLT) 
The dimensions used for analysis were 11" x 1.5* x 0.04" Three different boundary conditions 
are investigated: simply supported, clamped-clamped, and clamped-simply supported. The angles of 
orientation vary from 15° to 90° in this study. The laminated properties are shown in table 3.2. 
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Table 3.2 [Phi4/04] Laminate Properties 
[90V04] 
[75V04] 
[6O4/O4] 
[45V04] 
[3(V04] 
[I54/O4] 
1 A„ 
lb/in 
430713.5 
433427.8 
457214.3 
528441 
644393.5 
757631.8 
lb 
-3743.6 
-3716.4 
-3478.6 
-2766.3 
-1606.8 
-474.4 
lb-in 
57.4 
57.79 
61 
70.5 
85.9 
101 
A|6 
lb/in 
0 
8061 
42317.2 
93589.6 
119784.7 
85528.5 
B,6 
lb 
0 
80.6 
423.2 
935.9 
1197.8 
855.3 
D16 
lb-in 
0 
1.07 
5.6 
12.5 
16 
11.4 
A<* 
lb/in 
28000 
50362.9 
95088.8 
117451.7 
95088.8 
50362.9 
Case i) Simply Supported Laminates 
Figures 3.1 through 3.4 present the results for the simply supported laminates. Figure 3.1 shows that 
the in-plane stress resultant induced by a positive uniform transverse pressure loading increases as the 
magnitude of the transverse load increases. In-plane forces are caused by the bending-extension coupling. 
This figure also shows that as (/) in a [<fr4 104 J laminate increases the in-plane force decreases. Note that the 
applied load is considered positive if it acts downward. As a positive transverse load (P) is applied to the 
laminate, a positive (tension) in-plane stress resultant (N0) is created at the edges as shown in figure 3.1. The 
relationship between the transverse load and the in-plane stress resultant appears to be nonlinear. 
Figure 3.2 shows the maximum deflection versus the different applied values of (f> . Equation 
(2.35) was used to obtain the maximum deflection of the laminate for this case. As the applied transverse 
load increases, the maximum deflection increases and the effect of nonlinearity becomes more visible. An 
increase in the angle of orientation increases the deflection as shown in this figure. 
Figure 3.3 shows span-wise deflections for different angles of orientation with a fixed transverse 
load of 1 lb/in2. Figure 3.4 shows the effect of ply orientation on the maximum deflection of the laminate 
subjected to a transverse load of 1 lb/in2. It is obvious from figures 4.2 through 4.4 that the maximum 
deflection increases as the angle of orientation increases. 
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Case ii) Clamped-Clamped Laminates 
The results of clamped-clamped laminates shown in figure 3.5 through figure 3.8 are similar to 
those of simply supported laminates. Equation (2.50) was used to obtain the maximum deflection curves 
shown in figure 3.6. The nonlinearity effect is also shown in figure 3.6. The same conclusions as the simply 
supported laminate can be drawn with the change in the angles of orientation. 
Case iii) Clamped-Simply Supported Laminates 
Figure 3.9 through figure 3.12 shows the results of the laminates clamped at one end and pinned at 
the other end. The values of the in-plane stress resultant and the maximum deflection for this case are higher 
than those for the clamped-clamped case but lower than the simply supported case. The nonlinearity effect is 
shown in figure 3.10. 
Figure 3.13 shows the in-plane stress resultants versus the transverse loads of a [3O4/O4] laminate for 
all of the different boundary conditions. Figure 3.14 shows the maximum deflection versus the transverse 
load for all three cases. Figure 3.15 shows the effect of angle of orientation on the maximum deflection for 
all three boundary conditions for a transverse load of 1 lb/in2. This graph shows that simply supported 
laminates beams are deformed more severely than the other beams. For all boundary conditions, the 
maximum deflection increases as the angle of orientation increases. 
From figures 3.1 through 3.15, we conclude that the magnitude of in-plane forces and the mid-span 
deflections depend on the boundary conditions and the angles of orientation. As the angle of orientation 
increases, the in-plane stress resultant decreases but the maximum deflection increases. In other words, if the 
magnitude of the dominant bending-extension coupling (Bn) increases, the value of the maximum deflection 
increases as well. The results show that the problem is nonlinear even if the applied load is small. This 
nonlinearity stems from not only the strain-displacement relationships but the bending-extension coupling as 
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well. Therefore, the large deflection theory should be used to analyze unsymmetric composite laminates 
instead of using the linear laminate theory. 
3.2 Classical Lamination Theory (CLT) including the First-Order Shear 
Deformation Theory (FOSDT) 
The inclusion of the transverse shear deformation into the formulation depends on the material 
properties and relative thickness of the structure. Figure 3.16 shows that the transverse shear deformation 
effect should not be neglected if the slendemess ratio (L/h) is smaller than 10, where L is the width of the 
laminate (L=2a) and h is the total thickness of the laminate. This figure shows the % difference in the 
maximum deflections, obtained from CLT and FOSDT, versus the slendemess ratio. According to figure 
4.16, if L/h is over 100, the shear deformation effect diminishes. However, when L/h is 10 or less, the 
maximum deflections of the laminates obtained from CLT and FOSDT differ by 5%. This is because the 
transverse shear stiffness (A55) increases as the slendemess ratio L/h decreases. 
Case i) Simply Supported Laminates 
Figures 3.17 and 3.18 show the maximum deflection for simply supported laminates. The curves of 
maximum transverse deflection versus the uniformly distributed transverse load are shown in figure 3.17 for 
a [3O4/O4] laminated laminate with a slendemess ratio of 10 (L/h=10). Figure 3.18 shows the maximum 
transverse deflection of a [PluyOJ laminate versus the angle of orientation subjected to a transverse load of 
2,000 lb/in2. As shown in figure 3.17 the deflections obtained from FOSDT are greater than those of CLT for 
a [3O4/O4] laminate. However, figure 3.18 shows that for angle of orientation greater than 50° for simply 
supported laminates, the CLT predicts slightly higher deflections. In other words, when P=2000 lb/in2, the 
maximum deflection of FOSDT is larger than that of CLT by 4.95% for a [3O4/O4] laminate. However, the 
maximum deflection of FOSDT is smaller than that of CLT by 0.5% for a [9O4/O4] laminate. 
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Case ii) Clamped-Clamped Laminates 
Figure 3.19 and figure 3.20 show the maximum deflections for clamped-clamped laminates. Unlike 
the simply supported case, the maximum deflections obtained from FOSDT are smaller than those of CLT 
for a [3O4/O4] laminate shown in figure 4.19. Figure 4.20 shows that the maximum deflections obtained by 
using FOSDT are smaller than those of CLT by 1.9%, 5.4%, and 6.4% for laminates of [3O4/O4], [6O4/O4], and 
[9O4/O4], respectively. It is to be noted that these laminates have the same transverse shear stiffness, A55 of 
28,000 lb/in . The results in figure 3.20 indicate that, as the angle of orientation increases which 
consequently increases the coupling, the maximum deflection increases and the % difference between CLT 
and FOSDT increases. 
Case iii) Clamped-Simply Supported Laminates 
Figures 3.21 and 3.22 show that the maximum deflections of FOSDT are smaller than those of CLT. 
Figure 3.22 shows the significant difference between the maximum deflections of FOSDT and those of CLT 
as the angle of orientation increases. The same conclusions as in the clamped-clamped case can be drawn 
with the change in the angle of orientation. 
Figures 3.23 and 3.24 show the effect of various end conditions on the transverse deflection, 
obtained from FOSDT, for eight layered unsymmetric laminates having slendemess ratio 10. Figure 3.23 
shows the maximum deflection on a [3O4/O4] laminate. It is seen that simply supported laminates yield the 
highest transverse deflection and clamped-clamped laminates yield the least transverse deflection. Figure 
3.24 shows the maximum deflection of [PhVOJ laminates with the transverse load of 2,000 lb/in2. The 
maximum deflection increases as the angle of orientation increases for all different boundary conditions. 
Also, figure 3.24 shows that the simply supported laminates are the most flexible and clamped-clamped 
laminates are the stiffest. 
CHAPTER IV 
CONCLUSION 
4.1 Concluding Remarks 
Nonlinear behavior of unsymmetric composite laminates under cylindrical bending was studied 
analytically. The nonlinear governing equations were obtained to analyze the cylindrical bending of arbitrary 
laminates. The laminates were subjected to the in-plane force induced by a transverse load. The governing 
equations were derived based on the von-Karman type geometrical nonlinearity and the transverse shear 
effect. The solutions were obtained for three different boundary conditions; simply supported, clamped-
clamped, and clamped-simply supported. 
Based on the current work, the following conclusions were made: 
• For unsymmetric laminates the nonlinear effect cannot be neglected even when they are 
subjected to small applied loads. 
• As the magnitude of bending-extension coupling increases, the maximum transverse deflection 
increases. In other words, as the angle of orientation increases, the maximum deflection 
increases. 
• The increase of the angle of orientation decreases the in-plane stress resultants on unsymmetric 
laminates. 
• When the slendemess ratio is 10, the difference in the maximum deflection between CLT and 
FOSDT became significant. 
• As the magnitude of extension-bending coupling increases, the % difference in the maximum 
deflection on a [PIU4/O4] laminate increases. 
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• Simply supported laminates were the most flexible and clamped-clamped laminates were the 
stiffest. 
4.2 Future Work 
Additional investigations on nonlinear behavior of unsymmetric laminates are definitely needed in 
future studies. The method used in this thesis can be expanded to study the buckling and vibration of 
unsymmetrically laminated plates. 
FIGURES 
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Figure 3.6 Maximum Transverse Deflection on [Phi4/04] Laminates with Clamped-Clamped Edges vs 
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Figure 3.9 In-Plane Stress Resultant Induced by Transverse Loading on [Phi4/04] Laminates with 
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Supported Edges vs Transverse Load 
• 
• 
*> 1 1 1 1 
3.5 1 
. 3 , , . 
^jd 
2 J 
1.5 -
1 -
0.5 -
0 -
i
 A 
• 
• 
I 
• 
^A^# 
\Ax. • 
^ \ V # 
\ * \ # 
Xf 
I I I 
•0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1 
x/a 
phi = 90 deg. phi = 60 deg. A phi = 45 deg. phi = 30 deg. 
Figure 3.11 Spanwise Out-of-Plane Deflection of [Phi4/04] Laminates with Clamped-Simply Supported 
Edges 
10 20 30 40 50 60 70 
Phi (angle of orientation in degrees) 
80 90 100 
ure 3.12 Maximum Deflection of [Phi4/04] Laminates with P=1 Ib/in , Clamped-Simply Supported 
450 
0 1 2 3 4 5 
Transverse Load, P (Ib/in2) 
-*- simply supported -•- clamped-clamped -e- clamped-simply supported 
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Figure 3.20 Maximum Deflection of [Phi4/04] Laminates Under P=2000 Ib/in2 with Clamped-Clamped 
Edges 
X 
CD 
£ 
500 1000 1500 2000 2500 3000 3500 4000 
Positive Transverse Load P (Ib/in ) 
Figure 3.21 Maximum Deflection of [304/04] Laminates Under Transverse Load with Clamped-Simply 
Supported Edges 
X 
CD 
E 
0.3 
0.25 
0.2 -
0.15 
0.1 
0.05 
0 
0 20 40 60 
Phi (in degree) 
80 100 
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Figure 3.23 Maximum Deflection on [304/04] Laminates Under P=2000 Ib/in2 
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